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We investigate the effect of electron-phonon interactions on the coherence properties of single
photons emitted from a semiconductor cavity QED (Quantum Electro-Dynamics) system, i.e. a
quantum dot embedded in an optical cavity. The degree of indistinguishability, governing the quan-
tum mechanical interference between two single photons, is calculated as a function of important
parameters describing the cavity QED system and the phonon reservoir, e.g. cavity quality factor,
light-matter coupling strength, temperature and phonon lifetime. We show that non-Markovian
effects play an important role in determining the coherence properties for typical parameter values
and establish the conditions under which a Markovian approximation may be applied. The calcula-
tions are performed using a recently developed second order perturbation theory, and the limits of
validity are established by comparing to an exact diagonalization approach. We find that for large
cavity decay rates the perturbation theory may break down.
PACS numbers: 78.67.Hc, 03.65.Yz, 42.50.Pq
I. INTRODUCTION
The prospect of realizing an all-optical quantum
computer33 is an important motivation for conducting
research on semiconductor cavity QED (cQED) systems.
Besides single-photon detectors and standard linear op-
tical elements, like beam-splitters and phase shifters, a
main requirement for the realization of an all-optical
quantum computer using the linear optics scheme33is a
single-photon source that emits near-perfect single pho-
tons on-demand and with high efficiency. Near-perfect
refers to the fact that the photons are quantum mechan-
ically indistinguishable, in the sense that all properties of
two subsequently emitted photons are exactly the same.
Under these stringent conditions, two indistinguishable
single-photons will interfere quantum mechanically on
a beam-splitter and display perfect bunching behavior,
first observed experimentally by Hong, Ou, and Mandel
(HOM)25. The HOM interference effect is central to the
scheme proposed in33 for realizing a quantum computer
and the visibility associated with the HOM interference
effect is thus an important measure for the applicabil-
ity of a single-photon source in a linear optical quantum
computer.
Maintaining phase coherence between two subse-
quently emitted photons is perhaps the most difficult as-
pect of realizing a source of identical photons. Any pro-
cess that destroys the phase coherence will thus introduce
some degree of distinguishability of the emitted photons
and the visibility of the HOM interference will not be
100 %. The semiconductor solid-state matrix in which
the cQED system is realized, gives rich opportunities
for disrupting the phase of the emitted photons through,
e.g., the interactions with other carriers or quantized lat-
tice vibrations, i.e. phonons. In the low temperature
and low excitation regime where single-photons sources
are expected to operate, the main source of phase dis-
ruptions (or dephasing) stems from the interaction with
phonons.3,4
The importance of phonons in semiconductor cQED is
by now well established, both experimentally7,24,36,52,55
and theoretically15,23,30,31,38,41,56. However, theoretical
studies of the degree of indistinguishability of photons
emitted from a cQED system interacting with a non-
Markovian phonon reservoir only appeared recently28,29.
Earlier theoretical studies made simplifying assumptions
when considering the dynamics, such as neglecting the
cavity43, neglecting the non-Markovian nature of the
phonons9, or not employing a microscopic model for the
phonons49. These approximations may be justified in
some situations, but an extensive theoretical analysis of
the system was not yet undertaken.
Experimental demonstrations of indistinguishable sin-
gle photons from semiconductor QDs35,50,53 typically em-
ploy the Purcell effect to combat decoherence and usu-
ally the QD is excited through above band or quasi-
resonant (p-shell) pumping. This introduces a timing
jitter in the photon emission time, which is detrimen-
tal in achieving perfect temporal overlap, which further
decreases the indistinguishability. Surprisingly, it was
demonstrated that a weak pumping of the wetting layer
along with p-shell pulsed excitation resulted in higher
efficiency and improved indistinguishability14, presum-
ably because pumping of the wetting layer stabilizes the
electrostatic environment surrounding the QD. Recently,
electrically pulsed sources of indistinguishable sources
were demonstrated45, although the requirement of post
selecting photons for two-photon interference limited the
overall efficiency. Pulsed resonant optical excitation of
QDs13,19,20,39 led to the observation of very high degrees
of single photon indistinguishability, presumably due to
the complete absence of timing jitter and a very pure ex-
citation of the QD s-shell. However, none of the exper-
iments employing resonant excitation made use of any
significant cavity effects, resulting in an overall low ef-
ficiency. It should be noted that while the interaction
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2with phonons probably is the most fundamental source
of decoherence in solid-state cQED systems, several of the
above mentioned experimental studies quoted spectral
diffusion/wandering as the major limitation in achieving
indistinguishable photons under the experimental condi-
tions considered and with the fabrication technology em-
ployed. Spectral diffusion typically arises due to charges
trapped in the vicinity of the QD, causing the QD energy
levels to fluctuate on a time scale of several ns, which is
much slower than fluctuations induced by the phonons.
For this reason, the highest degree of single photon in-
terference is achieved for two subsequently emitted pho-
tons, with a temporal separation less than the time scale
of slow charge-induced fluctuations. We expect that the
continuing advancement in fabrication and experimen-
tal techniques, will eventually overcome the problem of
spectral diffusion and only leave fundamental decoher-
ence processes, such as phonon scattering.
In this paper we study the influence of the non-
Markovian electron-phonon interaction on the degree of
indistinguishability of single photons emitted from semi-
conductor cQED systems. We perform an extensive in-
vestigation of important parameters pertaining to both
the phonon reservoir and the cQED system. The present
paper complements recent studies28,29 on the same sub-
ject. References 28 and 29 employed a highly accurate
exact diagonalization (ED) method, which treated the
electron-phonon interaction on equal footing with the
electron-photon interaction, thus retaining the full non-
Markovian nature of the entire coupled system. How-
ever, the ED method was numerically intensive, which
effectively limited the method to low temperatures, due
to the rapidly expanding phonon Hilbert space and made
it difficult to explore the entire experimentally relevant
parameter space. Here we employ a recently developed
non-Markovian second order theory (NM2PT) for calcu-
lating two-time correlation functions for systems in con-
tact with non-Markovian reservoirs16,17. This method
provides a numerically more efficient way of analyzing
the system, including the treatment of elevated temper-
atures. However, the range of validity of this approxi-
mate method was not yet established. Here we compare
the NM2PT to the ED approach, and we identify ex-
perimentally relevant parameters regimes in which the
NM2PT breaks down, namely the regime where the cav-
ity decay rate is large, compared to the QD-cavity cou-
pling constant. Also, the parameter regimes in which
the phonon reservoir effectively becomes Markovian are
identified, and are found to depend strongly on whether
one is interested in studying light emitted from the cavity
or the QD. Compared to earlier studies28,29, the numeri-
cally less intensive NM2PT has enabled us to thoroughly
investigate important parameter dependencies, beyond
those commonly encountered in cQED. In particular the
phonon lifetime is found to play an important role, as it
changes the spectral properties of the phonon reservoir
at small phonon frequencies. This qualitatively changes
the parameter-dependence of the indistinguishability at
small QD-cavity coupling strengths, where typical exper-
iments are conducted, and gives rise to an optimum value
of the QD-cavity coupling, which is not the case if the
lifetime of the phonons is neglected.
The paper is organized as follows. In Section II we
briefly introduce the formalism behind the NM2PT used
for calculating the two-time correlation functions in the
presence of a non-Markovian reservoir, and present the
model used to describe the cQED and phonon systems.
In Section III we present our main results. We start by
defining the degree of indistinguishability in terms of the
HOM second order correlation function, using the nor-
malized number of coincidence clicks as the main quan-
tity. The limits of the NM2P are then investigated and
the parameter regimes of Markovian and non-Markovian
behavior are discussed. We then perform an extensive in-
vestigation of decoherence in dependence of temperature,
phonon lifetime, carrier confinement, and detuning, and
the emission spectra of the cQED system is considered.
In this section we also discuss useful approximations to
the full non-Markovian theory. Finally, Section IV sum-
marizes our main results and conclusions.
II. THEORY
A. Two-time system correlation functions for
non-Markovian reservoirs
It is well-known that the celebrated quantum regres-
sion theorem8 (QRT) does not apply for non-Markovian
reservoir interactions1,10–12,16,17. Recently Goan et
al. developed a perturbation theory for calculating two-
time correlation functions of system operators16,17 to sec-
ond order in the reservoir interaction Hamiltonian, using
the timeconvolution-less (TCL) approach5, which will be
used throughout the rest of the paper.
To set the stage for presenting the theory, we assume
a general Hamiltonian of the form
H = HS +HR +HI, (1)
where HS describes the (small) system of interest, HR
is the Hamiltonian of the reservoir, and finally HI is
the interaction between the system and reservoir. For
simplicity we assume that all Hamiltonians are time-
independent, which is typically the case for relevant
cQED systems.
Following Goan et al.16,17 the equation of mo-
tion (EOM) for the two-time correlation function
〈A(t1)B(t2)〉 for operators A and B belonging to the sys-
tem space becomes, under the approximation that only
effects to second order in HI are included and the TCL
approximation is applied,
3∂t1 〈A(t1)B(t2)〉 =
i
~
〈{[HS , A]} (t1)B(t2)〉
+
1
~2
∫ t1
t2
dt′TrSR
({
H˜I(t
′ − t1)[A,HI ]
}
(t1)B(t2)ρT (0) +
{
[HI , A]H˜I(t
′ − t1)
}
(t1)B(t2)ρT (0)
)
+
1
~2
∫ t2
0
dt′TrSR
({
H˜I(t
′ − t1)[A,HI ]
}
(t1)B(t2)ρT (0) + {[HI , A]} (t1)
{
BH˜I(t
′ − t2)
}
(t2)ρT (0)
)
, (2)
where the average is defined as 〈· · · 〉 = TrSR [· · · ρT(0)].
Here, ρT(0) = ρS(0) ⊗ ρR is the density matrix of the
entire system, which is assumed to factorize at t = 0,
and only here, into a system part ρS(0) and a reservoir
part ρR. The interaction picture representation of an
operator X is defined as
X˜(t) = U†(t)XU(t), U(t) = e−i(HS+HR)t/~. (3)
We can bring the general expression Eq. (2) into a more
practical form by making a few assumptions on the prop-
erties of the reservoir. First, we assume the following
form of the interaction Hamiltonian
HI =
∑
ν1ν2
Pν1ν2Rν1ν2 , (4)
where Pν1ν2 is a general system operator and Rν1ν2 is
a general reservoir operator. We note that most physi-
cally relevant interactions can be brought into this form.
Second, we assume that the reservoir is in a stationary
state such that its correlation functions only depend on
difference times
Dν1ν2ν3ν4(t− t′) = TrR
[
R˜ν1ν2(t− t′)Rν3ν4ρR
]
, (5)
which is the case for, e.g., a thermal state. Third, if one
assumes R†ν1ν2 = Rν2ν1 , we have the following symmetry
relation
D∗ν1ν2ν3ν4(t) = Dν2ν1ν4ν3(−t). (6)
Finally, we assume P †ν1ν2 = Pν2ν1 . We note that these
assumptions usually are fulfilled for relevant physical in-
teractions, but are not essential and only serve to simplify
the resulting equations.
Using these assumptions, employing the Born approx-
imation for factorizing the system and reservoir degrees
of freedom, and moving to a (t + τ, t)-frame we get the
EOM for the NM2PT
∂τ 〈A(t+ τ)B(t)〉 = i~ 〈{[HS , A]} (t+ τ)B(t)〉
+
∑
ν1ν2ν3ν4
1
~2
∫ τ
0
dt′
[
D∗ν4ν3ν2ν1(t
′) 〈{P˜ν1ν2(−t′)[A,Pν3ν4 ]}(t+ τ)B(t)〉
+ Dν4ν3ν2ν1(t
′) 〈{[P †ν3ν4 , A]P˜ †ν1ν2(−t′)}(t+ τ)B(t)〉
]
+
∑
ν1ν2ν3ν4
1
~2
∫ t+τ
τ
dt′
[
D∗ν4ν3ν2ν1(t
′) 〈{P˜ν1ν2(−t′)[A,Pν3ν4 ]}(t+ τ)B(t)〉
+Dν4ν3ν2ν1(t
′) 〈{[P †ν3ν4 , A]}(t+ τ){BP˜ †ν1ν2(−[t′ − τ ])}(t)〉
]
. (7)
Before proceeding we discuss the general features of non-
Markovian effects, as they are represented in Eq. (7),
and in which limits Markovian behavior may be expected.
The timescale on which Dν4ν3ν2ν1(t) decays, denoted τcorr
and often referred to as the correlation time or memory
depth of the reservoir, in comparison to the characteris-
tic time constants of the small system, with which the
reservoir interacts, is very important for the interaction
dynamics. The system plus reservoir can typically be
characterized by three timescales: The first is the co-
herent timescale, which is determined by the inverse dif-
ference between two typical eigenenergies of the system
Hamiltonian HS, thus τcoh ∼ |ωi − ωj |−1. The second
is the overall relaxation time of the system, τrelax, which
is determined by all the relaxation processes affecting
the system. The third timescale is the correlation or
4memory time of the reservoir and is set by the decay of
the reservoir correlation function, which depends on the
properties of the bare reservoir, such as dispersion and
temperature, as well as the nature of the system-reservoir
interaction Hamiltonian, HI.
All three timescales are illustrated in Fig. 1. For the
kind of cQED systems we are considering, τcoh would
typically be determined by the QD-cavity coupling g and
the oscillations would be Rabi flops and τrelax could, e.g.,
be the Purcell rate, scaling as g2/κ, where the cavity
decay rate κ enters.
0 20 40 60 80 100
Time [a.u.]
0.0
0.2
0.4
0.6
0.8
1.0
Reservoir correlation function [a.u.]
System observable [a.u.]
τcorr
τcoh
τrelax
FIG. 1. Illustration of the typical timescales characterizing
the system and reservoir. The typical coherent and relaxation
timescales of the cQED system are denoted τcoh and τrelax,
respectively. The memory time of the reservoir is denoted
τcorr.
Depending on the relative values of the three
timescales, three important regimes of operation for the
total system can be identified.
(I) τcorr  τcoh, τrelax, here reservoir correlations decay
much faster than the system can react and the reservoir
correlation function can be assumed to be a delta func-
tion, Dν4ν3ν2ν1(t
′) = D¯ν4ν3ν2ν1δ(t
′) with D¯ν4ν3ν2ν1 being
a constant. Using this in Eq. (7) yields
∂τ 〈A(t+ τ)B(t)〉 = i~ 〈{[HS , A]} (t+ τ)B(t)〉
+
∑
ν1ν2ν3ν4
1
2~2
[
D¯∗ν4ν3ν2ν1 〈{Pν1ν2 [A,Pν3ν4 ]}(t+ τ)B(t)〉
+ D¯ν4ν3ν2ν1 〈{[P †ν3ν4 , A]P †ν1ν2}(t+ τ)B(t)〉
]
, (8)
Here the scattering rates are constants, that do not de-
pend on the properties of the small system governed by
the Hamiltonian HS. In the spectral domain, a delta-
correlated correlation functions translates into a con-
stant, unstructured, spectrum, and thus transitions oc-
curring inside the small system always experience the
same reservoir density, leading to constant scattering
rates. The EOM Eq. (8) is identical to that derived
within the QRT procedure and we denote this regime
the Markovian regime for an unstructured reservoir.
(II) τcorr ≈ τcoh, τrelax and τ  τcorr, here the reser-
voir correlation time is comparable to at least one of
the system timescales and we consider difference times
τ that are considerably larger than the reservoir corre-
lation time. For times larger than τcoh all integration
limits can be taken to infinity and the terms in the two
last lines of Eq. (7) vanish. The long-time limit signifies
that we are in the Markovian regime, but due to the as-
sumption that at least one of the system timescales was
comparable to the reservoir correlation time, the system
still samples the structure of the reservoir. Indeed, the
spectrum of the reservoir now shows significant variations
over the bandwidth of the system, and different transi-
tions occurring in the system sample different reservoir
densities. This has the practical consequence that the
reservoir induced scattering rates depend on the proper-
ties of the system, more specifically via the parameters of
HS through the time-evolution operator U(t) defining the
interaction picture, see Eq. (3). Notice though, that the
rates themselves are independent of time. The long-time
limit also implies that scattering events must conserve
energy, and thus the scattering rates only describe tran-
5sitions between real states of the system. We denote this
regime the Markovian regime for a structured reservoir.
(III) τcorr ≈ τcoh, τrelax and τ < τcorr, here the sys-
tem and reservoir timescales are related as in regime II,
but we assume that the difference time τ is smaller than
the reservoir correlation time. In this regime all terms of
Eq. (7) are potentially important and the scattering rates
generally depend on time. As we are in the short-time
limit, scattering events occurring between the system and
reservoir need not conserve energy and virtual transitions
in general dominate the dynamics. Thus, the entire spec-
trum of the reservoir is sampled and not just specific en-
ergies. This regime is referred to as non-Markovian.
For further discussions and examples of these regimes
see Section III B and Section III G.
Other relaxation processes, where the reservoir can be
assumed to be unstructured, such as cavity decay, are
included via terms of the Lindblad type
∂τ 〈A(t+ τ)B(t)〉 |Lindblad = −α
2
[〈{P †PA}(t+ τ)B(t)〉+ 〈{AP †P}(t+ τ)B(t)〉 − 2 〈{P †AP}(t+ τ)B(t)〉] , (9)
where α is the decay rate and the operator P describes
the corresponding transition.
As initial conditions for the two-time function
〈A(t+ τ)B(t)〉, the corresponding one-time function
〈A(t)B(t)〉 is needed. The EOM for the one-time func-
tion is easily obtained from the general two-time EOM
by setting B = I and t = 0.
B. Jaynes-Cummings model with longitudinal
acoustical phonons
We model the QD-cavity system coupled to lon-
gitudinal acoustical (LA) phonons using a stan-
dard Hamiltonian23,24,28–31,48,56, employing the
following Hilbert space for the QD-cavity system:
{|1〉 = |e, n = 0〉 , |2〉 = |g, n = 1〉 , |3〉 = |g, n = 0〉},
where n refers to the number of cavity photons and e
(g) is the excited (ground) state of the QD. Besides
LA phonons, also longitudinal optical phonons couple
strongly to QDs, however due to their large energy, on
the order of tens of meV (∼ 37 meV for GaAs34), they
are not important for the situations considered here,
and are thus neglected in the model. The system is
illustrated schematically in Fig. 2.
With reference to the total Hamiltonian of the sys-
tem+reservoir, Eq. (1), we have
HS = ~∆σ11 + ~g(σ12 + σ21), (10)
HR =
∑
k
~ωkb†kbk, (11)
HI = σ11
∑
k
Mk(b†−k + bk) = σ11R, (12)
where σnm = |n〉〈m| and b†k and bk are standard bosonic
operators for the k’th phonon mode. We assume linear
dispersion for the phonons, ωk = csk, with cs being the
speed of sound. Furthermore we introduced the effective
FIG. 2. Schematic illustration of the cavity QED model
system including the longitudinal acoustical phonon interac-
tion. Important parameters include: The QD-cavity coupling
strength g, the QD-cavity detuning ∆, and the QD-phonon
interaction matrix elements Mk. The rates Γ and κ represent
decay of the QD and cavity, respectively, and pure dephasing
processes, beyond those induced by the direct phonon inter-
action, are included through the rate γ.
matrix element30 taking into account the interaction with
both the excited and ground state of the QD
Mk =
√
~k
2dcsV
∫
dr
[
De|φe(r)|2 −Dg|φg(r)|2
]
e−ik·r,
(13)
where Dν are deformation potential constants, d is the
material mass density, cs is the speed of sound, V is the
phonon quantization volume, and φν(r) are QD wave-
functions. If, for simplicity, we assume an isotropic har-
monic confinement for the QD potential, the wavefunc-
tions are spherically symmetric
φν(r) =
1
pi3/4l
3/2
ν
e−r
2/(2l2ν), (14)
and the phonon matrix element becomes
Mk =
√
~k
2dcsV
[
Dee
− 14 (kle)2 −Dge− 14 (klg)2
]
, (15)
Using typical parameters for GaAs we have: d =
5370 kgm−3, cs = 5110 ms−1, De = −14.6 eV, Dg =
6−4.8 eV, see e.g. Ref. 34. The size of the QD wavefunc-
tion will be varied, but typically we use lν = 5 nm.
We note that more realistic QD confinement poten-
tials can be employed44, but for our purposes isotropic
harmonic confinement captures the most important fea-
tures.
Having specified the phonon interaction in detail, we
can now calculate the relevant correlation function de-
scribing the properties of the phonon reservoir, which we
assume to be in a thermal state. From Eq. (5) we have
D(t) =
∑
k
|Mk|2 [nke+iωkt + (nk + 1) e−iωkt] (16)
=
∑
k
|Mk|2 [(2nk + 1) cos(ωkt)− i sin(ωkt)] , (17)
where nk is the thermal occupation of the k’th
phonon mode, given by the Bose-Einstein factor nk =
1/(exp[~ωk/(kBT )]− 1). We now define a spectral func-
tion of the phonon reservoir as the real part of the Fourier
transform of D(t)
dph(ω) = pi
∑
k
|Mk|2 [(nk + 1)δ(ω − ωk) + nkδ(ω + ωk)] .
(18)
As we shall see, dph(ω) can also be interpreted as an effec-
tive phonon density and is a very useful concept in under-
standing the properties of the cQED system. Terms pro-
portional to (nk + 1) are responsible for phonon emission
processes for ω > 0, where the “1” signifies spontaneous
phonon emission through stimulation by the ever-present
phonon vacuum field. The presence of the phonon vac-
uum field has the consequence that it is impossible to
completely “freeze out” phonon processes, as these are
present even at T = 0 where nk = 0. Terms proportional
to nk are responsible for phonon absorption processes for
ω < 0.
The effective phonon density has a direct relation to
Purcell enhanced QD lifetimes30 and has recently been
measured36. Inserting Eq. (15) in to Eq. (18) we obtain
an explicit expression for dph(ω)
dph(ω) =
~
4pidc5s
ω3
1− e−~ω/(kBT )
×
[
Dee
− 14 (ωle/cs)2 −Dge− 14 (ωlg/cs)2
]2
. (19)
As an illustration, Fig. 3 shows the effective phonon den-
sity dph(ω) for different values of the QD confinement
lengths, le and lg, and temperature. The main feature
of dph(ω) is a pronounced peaked structure with a maxi-
mum typically in the |~ω| ∼ 1− 2 meV range, except for
the bottom figure where several maxima appear44. The
exact position of the maximum is determined by a com-
bination of the QD confinement lengths. In the special
case of T = 0 and l = le = lg the maximum is located at
ωmax =
√
3cs/l.
0.0
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0.8
Effective phonon density, h¯−2dph(ω) [ps−1]
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FIG. 3. Effective phonon spectrum dph(ω), given by Eq. (19).
(Top) Temperature is varied while the QD confinement
lengths are fixed lh = le = 5 nm. (Middle) Temperature
is fixed T = 4 K, while l = lh = le is varied. Inset: The
corresponding phonon correlation function, Eq. (16). (Bot-
tom) Temperature is fixed T = 4 K and the QD confinement
lengths are varied while keeping l3h + l
3
e = 2× (5 nm)3 fixed.
We include the decay of photons escaping from the
cavity at a rate κ, related to the Q-factor as Q = ωcav/κ,
causing the system to make a transition from |g, 1〉 to
|g, 0〉, by including a Lindblad term α = κ and P =
|g, 0〉〈g, 1| = σ32 with reference to Eq. (9). Decay of the
QD, into optical modes other than the cavity and due
to non-radiative channels, is similarly included through
a Lindblad term α = Γ and P = |g, 0〉〈e, 0| = σ31. For
completeness, we also include pure dephasing processes
beyond those induced by the LA phonon reservoir using
the Lindblad term α = 2γ and P = |e, 0〉〈e, 0| = σ11,
although in the results to be presented we always take
γ = 0. These additional dephasing processes could arise
from the phonon-induced coupling to higher shells in the
QD42 or random nuclear field flutuations18.
The full set of dynamical equations are presented in
their entirety in Appendix A. Both the one-time and two-
time equations are linear systems of ordinary differential
equations with time-dependent coefficients, which means
7that they can easily be solved using standard software
packages. For further discussions of approximations we
refer to Section III G.
III. RESULTS
In this section we present results for the degree of in-
distinguishability in dependence on important parame-
ters for the cQED system. The indistinguishability is re-
lated to the normalized number of coincidence events32 in
a Hong-Ou-Mandel (HOM) experiment25 and is defined
as32
I = 1−
∫ +∞
−∞ dt
∫ +∞
−∞ dτG
(2)
HOM(t+ τ, t)∫ +∞
−∞ dt
∫ +∞
−∞ dτG
(2)
uncorr(t+ τ, t)
(20)
=
∫∞
0
dt
∫∞
0
dτ |〈A†(t+ τ)A(t)〉|2∫∞
0
dt
∫∞
0
dτ〈A†(t+ τ)A(t+ τ)〉〈A†(t)A(t)〉 . (21)
Here G
(2)
HOM(t+ τ, t) is the second order correlation func-
tion for the HOM experiment and G
(2)
uncorr(t + τ, t) ac-
counts for the uncorrelated coincidence events, which
can be modeled as an HOM experiment without beam-
splitter. The operator A is chosen corresponding to the
relevant photon quantum field. For the case of cavity
emission, A equals the cavity photon annihilation op-
erator, A = |g, 0〉〈g, 1| = σ32, corresponding to energy
leaving the system through the κ decay channel. For
QD emission, A equals the QD de-excitation operator,
A = |g, 0〉〈e, 0| = σ31, corresponding to energy leaving
the system through the Γ decay channel.
For all results presented here, the QD is initially ex-
cited, the cavity is in its ground state, and the phonons
are in a thermal state determined by the given tempera-
ture. This initial condition simulates pulsed resonant ex-
citation of the QD as well as non-resonant excitation in
the case where relaxation processes populate the excited
QD state faster than all other timescales in the system.
While cavity and QD emission are easily separated for-
mally, the experimental distinction between these emis-
sion channels is non-trivial. To separate the light into a
cavity and QD part, either spectral and/or spatial selec-
tion methods may be used. Spectral separation is com-
plicated by the fact that QD and cavity emission often
overlap spectrally and might even be strongly coupled,
which causes the two signals to overlap and mix in com-
plicated ways. Spatial separation depends on the specific
optical structure employed to form the cavity. In a mi-
cropillar cavity structure, spatial separation of the QD
and cavity emission is often possible, due to the directed
nature of the cavity itself. Here it is known that light
emitted through the top mirrors, along the growth axis,
is strongly dominated by cavity emission, whereas QD
emission mostly couple to modes other than the strongly
directional cavity mode2. Due to the complicated geom-
etry of a photonic crystal it is notoriously difficult37 to
assign a specific spatial direction to light emitted from
either QD or cavity.
Another important figure of merit for a single pho-
ton source is the fraction of light emitted into the cavity
mode of interest, denoted the cavity emission efficiency
and defined as
βcav =
κ
∫
dtncav(t)
κ
∫
dtncav(t) + Γ
∫
dtnQD(t)
, (22)
where ncav(t) and nQD(t) are the populations of the cav-
ity mode and QD, respectively. This expression is valid in
the weak as well as the strong coupling regime and in the
weak coupling regime it reduces to the usual expression
in terms of the Purcell factor28.
A. Validity of perturbational treatment of
phenomenological decay in conjunction with
non-Markovian reservoirs
In the regime of strong coupling between light and mat-
ter, the initially excited QD is strongly affected by the
interaction with the cavity. However, as the losses in-
crease, in practice typically the cavity decay rate κ, the
system enters the weak coupling regime, where the main
role of the cavity is reduced to providing an additional
decay channel, giving rise to the well-known Purcell en-
hancement, through an additional rate ΓPurcell, adding
to the background decay rate Γ. Further increasing κ,
the cavity becomes less and less important and in the
limit of κ→∞ we have ΓPurcell → 0, and the cavity will
simply act as a very weak filter of the light emitted from
the cavity, not changing its basic properties, only dimin-
ishing the intensity of light exiting via the cavity decay
channel.
In this limit of very low quality cavities we therefore ex-
pect the degree of indistinguishability for QD and cavity
to approach each other, limκ→∞(IQD − Icav) = 0. For-
mally, we can extrapolate to this limit by setting g = 0
in our model, which decouples the cavity from the QD,
and Eq. (7) can be solved in closed form28,29,43 yielding
Ig=0 = Γ
∫ ∞
0
dτ exp(−Γτ − 2Re[ϕ(0)− ϕ(τ)]), (23)
where ϕ(τ) = −~−2 ∫ dτ ∫ dτD(τ) and D(τ) is the
phonon reservoir correlation function, Eq. (16). This
function is well-known from polaron transformation
approaches30. In fact, for g = 0 our model basically re-
duces to the exactly solvable independent boson model,
except that we include a small loss rate, for which reason
we expect Eq. (23) to be accurate even for high temper-
atures and large phonon coupling strengths.
In Fig. 4 we show the indistinguishability as a function
of the cavity decay rate κ for a few representative val-
ues of the QD-cavity coupling g, to cover both weak and
strong coupling, along with the κ→∞ result of Eq. (23).
In the present context, the most interesting behavior oc-
curs for ~κ > 300 µeV, where the curves for the NM2PT
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FIG. 4. Indistinguishability (two upper plots) as a function
of the cavity decay rate, calculated from Eq. (7) and using an
exact diagonalization (ED) approach22,28,29 and cavity emis-
sion efficiency βcav, see Eq. (22) (lower plot). Parameters:
~Γ = 1 µeV, ~∆ = 0, T = 0 K, and lh = le = 5 nm.
do not seem to converge towards the large κ result, indi-
cated by the dashed line, as would have been expected.
The departure from the κ→∞ results continues at least
until ~κ = 4000 µeV (not shown). For comparison we
have also included the indistinguishability obtained using
an ED approach22,28,29, which treats the phonon interac-
tion without any approximations except for a controlled
truncation of the phonon Hilbert space. The two meth-
ods show fairly good agreement up until ~κ ∼ 300 µeV
(the error on the ED results is approximately 0.005), af-
ter which only the ED result seems to converge toward
the expected large κ result. The convergence is almost
complete for QD emission, whereas for cavity emission it
is significantly slower. However, we have performed (less
accurate) simulations up to ~κ = 4000 µeV, where the
cavity is within 0.01 of having converged to the large κ
value.
From the comparison with the large κ result and the
ED approach, it is clear that the NM2PT breaks down
for large cavity decay rates. The deviations probably
arise from the assumption of uncorrelated and indepen-
dent reservoirs, which is used in the derivation of Eq. (7)
and also the Lindblad formula Eq. (9). This has the
consequence that scattering rates from different reser-
voirs can simply be added independently, in the Lindblad
formalism this is expected to be an extremely good ap-
proximation due to the absence of memory in the reser-
voir. For the usual Markovian situation, this does not
cause a problem, however this is not the case for a spec-
trally structured non-Markovian reservoir. From a more
practical point of view, an immediate problem is that
the non-Markovian scattering rates in Eq. (7) only con-
tain the unitary properties of the small system, more
specifically the interaction picture time evolution of the
P operators is only governed by the coherent Jaynes-
Cummings Hamiltonian HJC, see Eq. (10) and does not
contain any loss. Effectively, this means that the phonons
will always interact with a non-decaying polariton quasi-
particle, and not the real lossy quasi-particle that might
have completely different properties. This feature is a
consequence of the perturbational nature of our the-
ory, which assumes that the small system only interacts
weakly with a reservoir and therefore the associated rate
is small compared to other system inverse timescales.
This is well fulfilled for small cavity decay rates κ, but
the approximation breaks down for large κ. Again, usu-
ally this is not a problem, as Markovian reservoirs do
not “see” any other reservoirs due to their infinitely short
memory. The reason why the ED approach gives the cor-
rect result is it that treats both electrons, photons, and
phonons on equal footing, thus the phonons will interact
with a QD that is dressed by a lossy cavity rather than
the perfect polariton assumed by our present theory.
Inspired by this observation, the situation might be
remedied by including loss in the Jaynes-Cummings
Hamiltonian responsible for the interaction picture time
evolution in the scattering terms of Eq. (7), i.e. instead
of Eq. (10) we use the following
HJC/~→
[
∆− iΓ2 g
g −iκ2
]
. (24)
The eigenenergies of this matrix are
E± =
~
2
∆− iΓ + κ
2
±
√
4g2 −
[
Γ
2
− κ
2
+ i∆
]2 ,
(25)
and are plotted in Fig. 5 versus cavity decay rate The fig-
ure shows that loss strongly affects the spectral properties
of the Jaynes-Cummings system, both through the spec-
tral position (real part) and decay (imaginary part) of
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FIG. 5. Illustration of the eigenenergies of the Jaynes-
Cummings Hamiltonian with and without loss, Eq. (25). Note
that the blue and red curves overlap in parts of the figure. Pa-
rameters: ~Γ = 1 µeV, ~g = 100 µeV, ~∆ = 0.
the eigensolutions. However, the replacement of HS with
the phenomenological Eq. (24) was found not to give a
systematic improvement of the predicted degree of indis-
tinguishability compared to the ED. Furthermore, sim-
ply replacing the Jaynes-Cummings Hamiltonian with its
non-Hermitian version after the derivation, has the con-
sequence that the time-evolution operator U(t) becomes
non-unitary, which violates the basic assumptions of the
theory and the end result will depend on exactly when in
the derivation the substitution was made. A proper in-
clusion of the effect of loss in the phonon scattering terms
of the present perturbational theory, requires one to go
back and closely examine the approximations made in
the derivation, especially concerning the correlations be-
tween the different reservoirs included in the model. This
endeavour is, however, beyond the scope of the present
work.
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The results of Fig. 4 limits the range of κ values that
can be investigated with the NM2PT. Closely examining
the different curves, nevertheless show a clear tendency
for larger g simulations to remain accurate up to larger
κ values. Intuitively this makes sense, as our basic the-
ory assumes cavity decay to constitute a perturbation
to the coherent system dynamics, leading to the require-
ment κ < g. For the remainder of the paper we have
chosen parameter values for which the NM2PT should
yield correct results.
As noted above, the indistinguishability for the QD
emission quickly converges to the large κ limit result,
where Eq. (23) applies and provides a much faster
method for calculating the indistinguishability than solv-
ing dynamical two-time EOMs. However, it should be
noted that for these values of κ the cavity is still the
dominant emission channel, as shown by the βcav calcu-
lations in the bottom panel og Fig. 4.
Figure 6 shows the indistinguishability calculated from
Eq. (23) as a function of the QD background decay rate
Γ, for a range different temperatures. The figure shows
that for realistic values of the QD background decay rate,
typically on the order of ~Γ ∼ 1µeV corresponding QD
lifetime in the 500 to 1000 ps range, the indistinguisha-
bility depends very weakly on Γ, only for unrealistically
large Γ values do we observe a significant dependence.
We note that the effective QD decay rate can become
large, i.e. through the Purcell effect, but in this case
the cavity is part of the system and Eq. (23) no longer
applies. We can approximate Eq. (23) as follows
Ig=0 = e
−2Re[ϕ(0)]Γ
∫ ∞
0
dτe−Γτe2Re[ϕ(τ)]
≈ e−2Re[ϕ(0)]Γ
∫ ∞
0
dτe−Γτ (1 + 2Re[ϕ(τ)])
= e−2Re[ϕ(0)](1 + Γ
∫ ∞
0
dτe−Γτ2Re[ϕ(τ)]).
In the second line we Taylor expanded the exponential
containing ϕ(τ), which is an excellent approximation es-
pecially at low temperatures, see Fig. 2 of Ref. 30. The
third line shows that the contribution from the last in-
tegral can be thought of as frequency filtering of ϕ(τ)
near ω = 0 and with a bandwidth of Γ, and as ϕ(τ) has
a frequency spectrum similar to the spectrum of D(t),
see Fig. 3, we expect this contribution to be small for
realistic Γ values. We get
Ig=0,app = e
−2Re[ϕ(0)], (26)
which is shown in Fig. 6 together with Ig=0 and we see
that the approximations made above are well justified.
The simple result in Eq. (26) has several important con-
sequences. First, it provides a simple way of calculat-
ing the indistinguishability for a QD interacting with LA
phonons, as one only needs to evaluate the simple integral
ϕ(0) =
∑
k
|Mk/(~ωk)|2 [2nk + 1] . (27)
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Second, it shows that the indistinguishability does not
depend on the QD lifetime, as long as the lifetime is
long compared to the phonon reservoir correlation time.
Third, the QD filters out the phonon sidebands, evi-
denced by the fact that Eq. (26) does not depend on
the time-dependent ϕ(τ), only on its value at zero time.
B. Time-dependent pure dephasing rates
Important insights about the phonon-induced deco-
herence may be obtained by inspection of the different
terms in the EOMs and their time-dependence. The
time-dependence arises from the non-Markovian nature
of the phonon reservoir and is especially important to
consider as the degree of indistinguishability is derived
from a two-time function, where the time-dependence of
the scattering rates persist even in the long-time limit,
see Ref. 29 for further discussion and illustrations. The
most important terms are those giving rise to pure de-
phasing effects. The pure dephasing rate for the cavity
emission is, see Eq. (A27),
M2,2(t, τ)|ph = −H∗11,11(τ + t, 0) +G12,12(t+ τ, τ),
(28)
and for QD emission, see Eq. (A32),
M3,3(t, τ)|ph = −H∗11,11(τ + t, 0) +G11,11(t+ τ, τ).
(29)
Note that these rates enter in the EOMs in the difference
time τ , e.g. ∂τ 〈a†(t+ τ)a(t)〉, and thus the absolute time
t is a fixed parameter.
In Fig. 7 we show the real part of these rates as a func-
tion of τ and t for a QD-cavity coupling of ~g = 100 µeV.
Note that the phonon induced scattering rates do not de-
pend on the relaxation rates of the system, see the discus-
sion in the previous section on large κ behavior. Also, for
t = 0 the QD and cavity rates are identical and show the
well-known time-dependent behavior of the short-time
non-Markovian regime29, with large values initially and
a smaller constant value for longer times. The important
timescale here is the decay time of the reservoir corre-
lation function, D(t), which for the typical parameters
used here is around 5 ps, see inset in Fig. 3 for more ex-
amples. This characteristic decay time sets the timescale
over which the rates remain time-dependent and is often
referred to as the memory depth of the reservoir or the
reservoir correlation time τcorr. At t = 1 ps, the two rates
depend quite differently on τ and for t > τcorr the rates
no longer depend on t and show qualitatively different
behavior: The rate associated with the cavity basically
becomes a constant, whereas the rate associated with the
QD retains a strong τ time-dependence. From the above
observations it appears that the τ -dependence of the rate
relevant for QD emission does not change much as a func-
tion of t and is rather well approximated by
M3,3(t, τ)|ph≈ −H∗11,11(τ, 0); (30)
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FIG. 7. Real part of time-dependent two-time dephasing rates
for QD, Eq. (29), and cavity, Eq. (28). Parameters: ~g =
100 µeV, ~∆ = 0, T = 4 K, and lh = le = 5 nm.
The rate relevant for cavity emission depends strongly on
t for t < τcorr, but is for t > τcorr well approximated by
M2,2(t, τ)|ph≈ −H∗11,11(∞, 0), (31)
i.e. it does not depend on neither t nor τ . Combining
Eq. (A38) and Eq. (A1) we find that
Re [M2,2(t, τ)|ph] ∝ dph(ω =
√
4g2 + ∆2)
+ dph(ω = −
√
4g2 + ∆2), (32)
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indicating that the effect of the phonons is effectively
Markovian for cavity emission, in the sense that the scat-
tering terms sample only distinct energies of the reser-
voir. This is not the case for the QD emission, where
the Markovian regime for the two-time scattering rates
is only reached for τ > τcorr, and a short-time non-
Markovian regime is always present for τ < τcorr, re-
gardless of the value of the absolute time t. In the non-
Markovian regime, the entire phonon reservoir spectrum
is sampled, leading to large dephasing rates, correspond-
ing to virtual processes dominating the dephasing dy-
namics.
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FIG. 8. As Fig. 7 but with ~g = 400 µeV.
TABLE I. Summary of the regimes of Markovian (M) and
non-Markovian (nM) behavior in Figs. (7) and (8).
Region (1) (2) (3) (4)
~g = 100 µeV, cavity M M nM M
~g = 100 µeV, QD M M nM nM
~g = 400 µeV, cavity M M nM nM
~g = 400 µeV, QD M M nM nM
In Fig. 8 we increased the QD-cavity coupling to
~g = 400 µeV. While the QD dephasing rate only changes
in overall amplitude, the cavity dephasing rate changes
in a qualitative way. Instead of basically displaying
Markovian behavior for t > 3 ps, as was the case for
~g = 100 µeV, the rate maintains its time-dependence
along the τ direction for all values of t and thus its non-
Markovian nature. This means that the approximation
for the cavity dephasing expressed in Eq. (31) no longer
applies. To summarize the different regimes of Marko-
vian and non-Markovian behavior, we have divided the
two-time plane into four regions depending on the value
of t and τ compared to τcorr, see Tab. I for an overview.
The different behaviors of the cavity dephasing rate for
small and large QD-cavity couplings can be qualitatively
understood in the following way: The phonons interact
directly with the QD degrees of freedom and whatever
dynamics they exhibit is thus directly transferred to the
QD. There is therefore no qualitative difference between
the case of small and large values of g. The cavity de-
grees of freedom, on the other hand, do not interact di-
rectly with the phonons and any interaction is mediated
by the QD-cavity coupling. The kind of dynamical re-
sponse the QD-cavity coupling can mediate is hence de-
termined by the magnitude of the QD-cavity coupling
rate g, with small g values only mediating slow dynam-
ics, since faster dynamics is filtered out, while larger g
values allow the “transfer” of faster dynamics. The char-
acteristic timescale of the phonons is set by the correla-
tion time τcorr ∼ 5 ps, which should be compared to a
typical timescale of the QD-cavity system, e.g. the Rabi
flop time TRabi = 2pi/(2g). We obtain TRabi = 21.3 ps
and 5.36 ps for ~g = 100 µeV and 400 µeV, respectively.
Comparing these numbers we qualitatively understand
why the cavity degrees of freedom can experience non-
Markovian dephasing from the phonons for a large QD-
cavity coupling, while the dephasing essentially becomes
Markovian for small QD-cavity coupling rates. Alterna-
tively, considering the spectral domain, one should com-
pare the spectral features of the effective phonon spec-
trum, see Fig. 3, at the position and over the bandwidth
of the polariton quasi-particle. If the effective phonon
spectrum is approximately constant in the vicinity of
the polariton quasi-particle, the corresponding phonon
timescale is much faster than the QD-cavity timescale
and the cavity would interact in a Markovian fashion
with the phonons. On the other hand, if the phonon
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spectrum has significant variations across the polariton
bandwidth, the two timescales will be comparable and
the interaction will become non-Markovian.
While this discussion is not rigorous, it serves as a good
rule-of-thumb for understanding and interpreting the re-
sults to be presented below. We also note that present
day state-of-the-art QD-cavity coupling constants46 are
typically below 200 µeV and thus in most experimentally
relevant situations, we expect the cavity dephasing to be
Markovian.
C. Temperature dependence
As seen from Fig. 3, the temperature is an important
parameter and furthermore provides one of the few ex-
perimental handles for controlling the system after fabri-
cation. We have calculated the degree of indistinguisha-
bility as a function of temperature in the experimentally
relevant range from 0 K to 50 K, see Fig. 9. We note
that for elevated temperatures, phonons are thermally
excited and the importance of multi-phonon processes
is expected to increase, however our theory is limited to
one-phonon processes due to its second order nature. The
results are therefore less accurate in the high temperature
regime, but we note that previous studies30 show excel-
lent agreement between a TCL second order theory and
a multi-phonon theory up to at least T = 60 K.
As expected, we observe the general trend of a mono-
tonically decreasing degree of indistinguishability for
both QD and cavity emission when the temperature is
increased. Comparing the results for QD and cavity emis-
sion, we observe, however, that the cavity indistinguisha-
bility depends more strongly on g than is the case for
QD indistinguishability. As discussed in Section III B,
the phonon spectrum is sampled at ω ≈ 2g for the cavity
case and higher phonon densities are thus obtained for
larger g, leading to the smaller degree of indistinguisha-
bility. For the QD case this is also true in the long-time
limit, but the QD also suffers strong dephasing in the
short-time regime, which tends to make the g-dependent
contribution to dephasing less important.
D. Phonon lifetime dependence
As evidenced by Eq. (32), the specific shape of the
effective phonon density plays an important role in the
decoherence induced by the phonons. In the limit of small
QD-cavity detuning and coupling, the behavior near ω ≈
0 of dph(ω), Eq. (19), becomes important and is given by
dph(ω) ≈ (De −Dg)
2
4pidc5s
kBTω
2. (33)
Note that for very small frequencies, the frequency de-
pendence of the effective phonon density is dominated by
the nature of the deformation potential interaction, i.e.,
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FIG. 9. Temperature dependence of cavity (top) and QD
(bottom) indistinguishability. Parameters: ~κ = 100 µeV,
~∆ = 0, ~Γ = 1 µeV, ~γ = 0, lg = le = 5 nm.
the square root factor
√
k in Eq. (13), the dimensionality
of the problem, i.e., the integration volume element k2,
and the Bose function, i.e., k−1 in the small frequency
limit, whereas the form factor introduced by the finite
sized QD wavefunctions plays no role. The expression
shows that dph(ω) approaches zero for ω → 0, even at
finite temperatures. This has the consequence that in
models where the deformation potential interaction is the
only source of decoherence, near-unity indistinguishabil-
ity is reached as
√
4g2 + ∆2 → 0 for cavity emission28,29.
This property of the deformation potential interaction
also implies a non-broadened zero phonon line (ZPL) in
QD absorption spectra34, however it is well-known that
several mechanisms lead to a finite width of the ZPL, e.g.
the coupling to excited QD states42 and finite phonon
lifetimes21,27,51,58 due to, e.g., surfaces, crystal impuri-
ties, or anharmonic interactions leading to decay of one
phonon into two of smaller energy. The simplest mecha-
nism to implement in our model, and one that will always
be present, is the finite lifetime of the phonons. We in-
clude this as an overall exponential decay of the phonon
correlation function58 by a rate Γph, i.e.
D(t) =
∑
k
|Mk|2 [nke+iωkt−Γpht + (nk + 1) e−iωkt−Γpht] .
(34)
Fourier transforming and taking the real part yields
dph(ω) =
∑
k
|Mk|2
× [(nk + 1)LΓph(ω − ωk) + nkLΓph(ω + ωk)], (35)
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which is nearly identical to Eq. (18) except that the
delta functions have been replaced with finite-width
Lorentzians
LΓ(ω) =
Γ
ω2 + Γ2
. (36)
The effect of a finite phonon lifetime is shown in Fig. 10
in the vicinity of ω ≈ 0, where the relative effect is the
largest. In contrast to Fig. 3, we now observe a finite
phonon density at ω = 0, arising from the uncertainty in
phonon energy induced by the finite lifetime.
−100 −50 0 50 100
Fourier energy, h¯ω [µeV]
0.0000
0.0004
0.0008
0.0012
0.0016
Effective phonon density, h¯−2 dph(ω) [ps−1]
h¯Γph = 0.0 µeV
h¯Γph = 1.0 µeV
h¯Γph = 2.0 µeV
h¯Γph = 3.0 µeV
FIG. 10. Effective phonon density for different values of the
phonon lifetime phonon lifetime, Eq. (35), focusing on the
spectral region near ω = 0 where the relative effect of phonon
decays is the largest is largest. Parameters: T = 4 K and
lg = le = 5 nm.
To illustrate the effect of a finite phonon lifetime we
show in Fig. 11 the degree of indistinguishability as a
function of the QD-cavity coupling g for a range of
phonon lifetimes28 ranging from 82.5 ps (~Γph = 8 µeV)
to ∞ for no decay (~Γph = 0). The qualitative behav-
ior is similar for the QD and cavity emission, with the
absolute value for the QD indistinguishability always be-
ing significantly lower than for the cavity. For Γph = 0
the curves monotonically decrease as a function of g28,29,
reflecting that even though the Purcell effect makes the
photon emission faster (until we reach the strong cou-
pling regime), the dephasing from the phonons also in-
creases. For finite phonon lifetimes the behavior changes
qualitatively. Instead of a monotonic decrease, we now
observe an initial increase in indistinguishability for in-
creasing g, followed by a maximum in the curve and a
subsequent decrease. The lower degree of indistinguisha-
bility for small g arises due to the finite phonon density
as ω → 0, meaning that the long-time Markovian de-
phasing tends towards a finite value instead of zero as
for ~Γph = 0. Also, for small g, the effective QD decay
rate is small, since the Purcell enhancement of the rate
is small, and the photons have a longer timespan to ex-
perience dephasing. The emergence of the maximum is
a manifestation of the competition between the decoher-
ence processes decreasing the indistinguishability and the
Purcell effect which increases the indistinguishability by
virtue of a faster QD decay. We emphasize that the maxi-
mum in Fig. 11 is not predicted by the standard Lindblad
approach for including pure dephasing28,29, which lacks
the mechanism increasing the phonon interaction for in-
creasing g, thus leading to the prediction of a “satura-
tion” of the indistinguishability for large g rather than
a maximum. Considering that ~Γph = 1 µeV corre-
sponds to a relatively long phonon lifetime of approxi-
mately 658 ps, much longer than the typical correlation
time of the phonon reservoir of ∼ 5 ps, and the relatively
small quantitative effect it has on the overall effective
phonon density, compare Fig. 3 and Fig. 10, the large
effect on the degree of indistinguishability is perhaps sur-
prising. However, the effect of the finite phonon lifetime
correlates with the overall timescale of the QD-cavity sys-
tem: The influence is seen to be largest for small g, where
the system dynamics occurs on timescales comparable to
the phonon lifetime and smaller for larger g, where the
system dynamics is significantly faster than the phonon
lifetime.
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FIG. 11. Dependence of cavity (top) and QD (bottom) indis-
tinguishability on phonon lifetime as a function of QD-cavity
coupling. Parameters: ~κ = 100 µeV, ~∆ = 0, ~Γ = 1 µeV,
~γ = 0, lg = le = 5 nm, and T = 4 K. See Fig. 12 for more κ
values
E. Dependence on carrier confinement
It is well-known that the QD wavefunctions, for both
the ground and excited states, play an important role
in the phonon interaction34,44. This is illustrated in
the lower panels of Fig. 3 by the effective phonon den-
sity, where we varied the confinement lengths of the QD
ground and excited state wavefunctions, le and lg, both
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FIG. 12. As Fig. 11 but for additional κ values.
independently and while keeping the two lengths iden-
tical. The effective phonon density is seen to change
when varying the confinement lengths over physically rel-
evant values, and there is a general tendency for spa-
tially confined (extended) wavefunctions to promote in-
teraction with many (few) phonon modes, leading to a
larger (smaller) density. This can easily be inferred from
the mathematical form of the phonon matrix element
in Eq. (13), which is proportional to the spatial Fourier
transform of the QD wavefunction density.
In Fig. 13 we show the indistinguishability for QD and
cavity emission as a function of confinement length l =
lg = le.
The indistinguishability for the QD emission is seen to
depend strongly on the confinement length for all values
of the QD-cavity coupling, and increases monotonically
with the confinement length, with the strongest increase
occurring for l < 5 nm. Comparing with the middle panel
in Fig. 3, the behavior of the QD indistinguishability cor-
relates well with the total number of available phonons,
proportional to the integral over dph(ω). This depen-
dence arises due to the dephasing acquired in the short-
time non-Markovian regime, where the entire phonon
bath is sampled. The curve for ~g = 200 µeV deviates
slightly from the others, which is due to the significantly
larger phonon density available at ~ω ≈ 2~g = 400 µeV,
which governs the long-time dephasing.
The indistinguishability for cavity emission shows a
somewhat different behavior, with the dependence on l
being strongly dependent on g. For small g, the indis-
tinguishability only slightly increases with l, whereas for
larger g a much stronger increase is observed. The weak
dependence on l for small QD-cavity coupling strength
can be understood from Eq. (33), which shows that for
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FIG. 13. Variation of cavity (top) and QD (bottom) indistin-
guishability versus QD confinement lengths (assumed equal
for excited and ground states, l = le = lg). Parameters:
~κ = 100 µeV, ~∆ = 0, ~Γ = 1 µeV, ~γ = 0, and T = 4 K.
small ω ≈ 2g the effective phonon density does not de-
pend on the QD form factors and thus the confinements
lengths. Only for larger ω ≈ 2g does the confinement
lengths start to affect the effective phonon density.
Recently, it was shown44 that the phonon interaction
could be quenched by a suitable choice (or engineering)
of the QD confinement lengths. More specifically it was
shown that when the QD wavefunctions for the ground
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and excited states were of unequal size, a compensa-
tion occurred leading to local minima in the effective
phonon density at specific frequencies. For certain classes
of QDs the phonon density becomes zero at these fre-
quencies, and phonon scattering is completely quenched.
This is illustrated in the bottom panel of Fig. 3, where
we have kept the total volume of the ground and ex-
cited wavefunctions fixed, i.e. l3g + l
3
e = constant. We
see that the phonon density dips to zero in the interval
between 1 and 2 meV for the different curves. Impor-
tantly, the overall magnitude of the phonon density also
decreases, meaning that the total number of phonons
available for scattering has decreased, cf. the bottom
panel of Fig. 14 showing the frequency integrated dph(ω).
Furthermore, it was shown that for parameters such that√
4g2 + ∆2 ∼ ωdip very small pure dephasing rates are
obtained in the Markovian regime. This result and the
commonly used approximate expression6,28 for the degree
of indistinguishability, I = ΓQD/(ΓQD + 2γ
∗
phonon), was
used to speculate that one might improve the degree of
indistinguishability by, e.g., adjusting the QD-cavity de-
tuning to match the dips in the effective phonon density.
To investigate whether this suggestion holds true using a
more accurate model, we calculate the effect of unequal
QD confinement lengths on the degree of indistinguisha-
bility, cf. top panels of Fig. 14.
For the cavity emission we observe the same trend as
for le = lg, see Fig. 13, i.e. a weak dependence on con-
finement lengths for small g and a stronger dependence
for larger g. Again the reason is that for small ω ≈ 2g the
phonon density is weakly dependent on QD parameters,
which only become important for larger ω ≈ 2g. In or-
der to probe the dips in the effective phonon density, we
would need
√
4g2 + ∆2 ≈ 1− 2 meV, see Eq. (32). How-
ever, for state-of-the-art samples, g remains relatively low
and one would need ~∆ ≈ 1 − 2 meV to approach the
spectral area where the density shows dips. This in turns
yields a very weak Purcell effect, leaving the system sus-
ceptible to dephasing and in the end the cavity indistin-
guishability does not benefit from the dips.
The above discussion has focused on the effect of vary-
ing the QD confinement lengths, however the spectral
positions of the dips are not only determined by the con-
finement lengths, as the following expression shows44
ω2dip =
4c2s
l2e − l2g
ln
(
De
Dg
)
. (37)
We note that especially the deformation potential con-
stants display large experimental variations54.
For QD emission we observe a much more interesting
behavior, with a maximum occuring for intermediate val-
ues of lg. The confinement length for which the QD in-
distinguishability assumes a maximum, almost coincides
with the confinement length for which a minimum is ob-
served in the integrated phonon density. This is not a co-
incidence, since we know that the QD indistinguishabil-
ity is very sensitive to the overall magnitude of the effec-
tive phonon density, rather than values probed at specific
frequencies, as for the cavity indistinguishability. The
shift of the maximum in QD indistinguishability towards
smaller lg, compared to the minimum of the integrated
phonon density, is attributed to the smaller phonon den-
sity at small ω, which is important for decoherence in the
long-time limit, see bottom panel in Fig. 3. We note that
although we employ rather idealized spherically symmet-
ric QD wavefunctions, spectral features similar to those
discussed above are observed using QD models employ-
ing both more realistic confinement potential geometries
and material compositions44.
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FIG. 14. Dependence of cavity (top) and QD (middle) in-
distinguishability on confinement lengths. The excited state
confinement length is chosen so that l3e + l
3
g = 2 × (5 nm)3
is fixed. Frequency integral (bottom) over the over the ef-
fective phonon density, Eq. (19),
∫
dph(ω)dω. Parameters:
~κ = 100 µeV, ~∆ = 0, ~Γ = 1 µeV, ~γ = 0, and T = 4 K.
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F. Detuning dependence
The QD-cavity detuning, ∆, is an important parame-
ter in cQED, as it is one of the few parameters that can
be controlled externally during an experiment, typically
by varying the temperature or via gas deposition on the
photonic structure.
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FIG. 15. Dependence of cavity (top) and QD (bottom) indis-
tinguishability on QD-cavity detuning ∆. Parameters: ~κ =
100 µeV, ~g = 100 µeV, ~Γ = 1 µeV, and lh = le = 5 nm.
In Fig. 15 we show the degree of indistinguishability for
QD and cavity emission as a function of QD-cavity de-
tuning, ∆, while varying the temperature and the phonon
lifetime through Γph.
Considering the cavity indistinguishability in the top
panel of Fig. 15 for Γph = 0, we observe that the in-
distinguishability anti-correlates with the shape of the
effective phonon density, Fig. 3. For T = 0 K the in-
distinguishability decreases strongly as the detuning ap-
proaches 1 meV, where the phonon density has a max-
imum. Further increasing the detuning, we expect the
indistinguishability to recover, as it samples a decreasing
density. For negative detuning the indistinguishability
approaches unity, mirroring the absence of thermally ex-
cited phonons, that would be responsible for a non-zero
density for ∆ < 0. We note that near a detuning of
~∆ ∼ −250 µeV, the indistinguishability for cavity emis-
sion converges to a value of 1.0044, which is above unity
and therefore unphysical. This is a well-known problem
associated with the TCL method, which in principle does
not guarantee physical results but often works in prac-
tice, see discussions pp. 127-131 of Ref. 5. Increasing the
temperature to T = 10 K causes an overall drop in the de-
gree of indistinguishability, as expected, and now a signif-
icant reduction in indistinguishability is also observed for
negative detuning, again mirroring the effective phonon
density. Including a finite phonon lifetime only slightly
changes the results for ∆ > 0, since here the relative
change in phonon density is small. However, for T = 0 K
the difference is significant, since now the phonon density
is no longer strictly zero, but attains a small finite values
due to the uncertainty in phonon energy induced by the
phonon lifetime. This causes the degree of indistinguisha-
bility to decrease for increasing absolute detuning, |∆|,
as also observed in Lindblad models of pure dephasing29.
For T = 10 K the influence of a finite phonon lifetime
is only quantitative, but still significant, consistent with
the finite phonon density for ∆ < 0.
In the bottom panel of Fig. 15 we show the indistin-
guishability for QD emission. The curves for T = 0 K
and 10 K display a very similar shape, except for an over-
all shift towards lower indistinguishability, in stark con-
trast to the cavity emission. For Γph = 0, the individual
curves tend to identical values as |∆| → ∞, a behavior
arising from the fact that the QD and cavity decouple for
large detuning |∆| and thus the QD indistinguishability
will only depend on the phonon parameters and back-
ground QD decay, Γ. However, for ~∆ < 1 meV, the
degree of indistinguishability still depends on the QD-
cavity parameters and a smaller indistinguishability is
observed for positive detuning, presumably due to the
larger phonon density. For Γph 6= 0 the same trend as
for the cavity emission is observed, i.e. the finite phonon
lifetime induces a behavior similar to that observed for a
constant pure dephasing rate, where the indistinguisha-
bility decreases as a consequence of the reduced Purcell
effect.
G. Useful approximations
The discussion in Section III B indicates that certain
simplifying approximations can be made to the full two-
time EOM, Eq. (7), while still obtaining accurate results.
In this section we will investigate such approximations
more systematically and quantify the error they intro-
duce. Starting by considering the scattering process most
relevant for cavity emission, the approximate scattering
term, Eq. (31), can be obtained from the full expression,
Eq. (28), by taking the Markovian long-time, i.e. τ →∞
in the integration limits. To get the remaining phonon
induced scattering terms, not discussed in Section III B,
we take τ → ∞ in the integration limits of all terms in
Eq. (7). This leaves only terms from the first scatter-
ing integral on line two and three of Eq. (7), which are
identical to those obtained in a treatment based on the
Markovian quantum regression theorem8.
For the scattering terms most relevant for QD emis-
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sion, the approximate term, Eq. (30), can be obtained
from Eq. (29) by simply ignoring all terms in the last
scattering integral on line four and five of Eq. (7). Com-
bining these observations it seems that both involve ig-
noring the last scattering integral in Eq. (7). However,
while in the cavity case the Markovian long-time limit
is taken in the remaining scattering terms, the τ time
dependence in the scattering terms is kept in the QD
case. The resulting scattering terms in the QD case are
identical to those one would obtain, if one naively tried
to take non-Markovian effects into account by using the
non-Markovian one-time equations arising from the TCL,
see e.g.31, and simply replaced the t-dependent scattering
terms with τ -dependent ones.
To summarize the above discussion, the approximative
two-time EOM we are going solve is
∂τ 〈A(t+ τ)B(t)〉 = i~ 〈{[HS , A]} (t+ τ)B(t)〉
+
∑
ν1ν2ν3ν4
1
~2
∫ τmax
0
dt′
[
D∗ν4ν3ν2ν1(t
′) 〈{P˜ν1ν2(−t′)[A,Pν3ν4 ]}(t+ τ)B(t)〉
+ Dν4ν3ν2ν1(t
′) 〈{[P †ν3ν4 , A]P˜ †ν1ν2(−t′)}(t+ τ)B(t)〉
]
, (38)
where the upper integration limit takes different values.
For approximating the cavity terms we use τmax = ∞,
which we will denote the Markov approximation, and for
the QD case we use τmax = τ , which we denote the naive
approximation.
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FIG. 16. Relative error of the indistinguishability for various
approximations, see main text. Parameters: ~Γ = 1 µeV,
T = 4 K, ~∆ = 0, and lh = le = 5 nm.
In Fig. 16 we compare the Markov and naive approxi-
mations with the full solution, by calculating the relative
error as RE = (Ifull − Iapprox)/Ifull. We investigate the
dependence on the QD-cavity coupling g, which strongly
changes the phonon-induced decoherence, for a series of
experimentally relevant values of the cavity decay rate κ,
as this parameter typically varies among different exper-
iments.
For the case of the QD emission, the naive approxi-
mation is seen to give very good agreement with the full
solution, and the relative error stays well below one per-
cent for all considered parameters. On the other hand,
the Markov approximation leads to relative error larger
than 10 % for some parameters.
For cavity emission the situation is not as clear. While
the Markov approximation is clearly more accurate for
most of the considered parameters, especially in the ex-
perimentally relevant region of relatively small g, the er-
ror depends strongly on the value of κ, and the relative
error quickly becomes larger than one percent.
From a computational point of view, the Markov ap-
proximation is highly advantageous, since the resulting
system of equations becomes time-independent and can
be solved very efficiently using standard methods from
linear algebra. The naive approximation is not nearly as
convenient as the Markov approximation, as the phonon-
induced scattering rates retain their time-dependence, al-
though only in τ , and thus general time-stepping schemes
must be employed to solve for the dynamics. The struc-
ture of the problem does, however, allows for paralleliza-
tion. For each value of t, the corresponding EOM in τ
thus decouple completely from the rest. This is also the
case for the full set of equations.
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H. Emission spectra
The optical emission spectra provide important infor-
mation about the cQED dynamics and have been studied
extensively, both theoretically and experimentally. Emis-
sion spectra were thus used to provide the first experi-
mental demonstrations of strong coupling in a semicon-
ductor cQED system47,57. As for phonon effects on emis-
sion spectra, the inherent asymmetric spectral properties
of phonons at low temperatures is to some degree trans-
ferred to the emission spectra, where incoherently7,23,26
and coherent40,48,55 pumped system have been investi-
gated. To calculate the emission spectra, here defined
as8,
S(ωS) ∝ Re
[∫ +∞
−∞
dt
∫ +∞
0
dτ 〈A†(t+ τ)A(t)〉 e−iωSτ
]
(39)
the first order two-time correlation function
〈A†(t+ τ)A(t)〉 is needed, which also enters into
the definition of the degree of indistinguishability,
Eq. (21). Common to the studies mentioned above, the
QRT has been used to calculate the two-time correlation
function, thus implying that the Markov approximation
has been enforced.
It was demonstrated earlier28,29, and discussed at
length in the present work, that non-Markovian effects
due to the interaction with phonons can give rise to large
deviations compared to a Markovian treatment when cal-
culating the degree of indistinguishability. Since both
the emission spectra and the degree of indistinguisha-
bility depend on the two-time correlation function, one
might worry about the validity of employing a Marko-
vian framework to determine the emission spectra in the
presence of phonon interactions. We are not aware of
any studies comparing emission spectra calculated within
the QRT to the emission spectra obtained when non-
Markovian effects are taken into account.
To investigate this further we show in Fig. 17 the emis-
sion spectra for light emitted from QD and cavity, calcu-
lated using the NM2PT, the Markov and naive approx-
imations discussed in the previous section, and finally a
pure Lindblad model where phonon effects are not in-
cluded, not even as a pure dephasing rate. We have cho-
sen parameters placing the system in the strong coupling
regime, where the eigenstates are the upper (u) and lower
(l) polariton branches with energies ωu/l ∼ ωcav±g. The
first thing we notice is the asymmetry, with more light be-
ing emitted at frequencies below the common resonance
frequency of the QD and the cavity, than at frequencies
above it. The asymmetry arises since the QD initially is
in the excited state with the cavity being in the ground
state. This corresponds to the state of the QD-cavity
system being in an equal mix of the upper and lower po-
lariton branches, ∼ |u〉+ |l〉. In principle the system can
make transitions both up and down in energy between
the two branches by phonon emission and absorption,
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FIG. 17. Emission spectra, Eq. (39), comparing the NM2PT
with various approximations. Parameters: ~∆ = 0, ~Γ =
1 µeV, ~κ = 100 µeV, ~γ = 0, lg = le = 5 nm, and T = 4 K.
but since we are in a low-temperature regime, phonon
emission processes are more likely to occur than absorp-
tion processes26. This means that we are more likely to
find the system in the low energy state, i.e. the lower
polariton branch at ωl ∼ ωcav − g, which consequently
emits more light. The degree of asymmetry is observed
to increase as the QD-cavity coupling strength becomes
larger, which is a consequence of more phonon modes be-
ing available at the higher phonon energies required to
bridge the gap between the upper and lower branches of
the polariton, see Fig. 3. We note that the curves em-
ploying approximate Lindblad terms remain completely
symmetric.
When comparing the curves obtained using the full
non-Markovian theory and those using the Markov and
naive approximations, we find only relatively minor de-
viations over the entire bandwidth of the spectra. As
discussed in Sections III B and III G, the Markov ap-
proximation works well in predicting the indistinguisha-
bility for light emitted from the cavity and the so-called
naive approximation works well for the indistinguishabil-
ity of light emitted from the QD. On the other hand, the
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Markov approximation worked very poorly for QD emis-
sion and the naive approximation quite poorly for cavity
emission. It thus appears surprising that the approxima-
tions work so well for the emission spectra, while they do
not work very well for the indistinguishability. One rea-
son may be that the emission spectra do not probe ener-
gies that are large enough to be affected by the short-time
non-Markovian dynamics, which roughly corresponds to
the peak in the effective phonon density, i.e. in the 1
meV range.
IV. SUMMARY AND CONCLUSIONS
In this paper we have employed a novel theory16,17
to investigate the degree of indistinguishability of sin-
gle photons emitted from semiconductor cQED systems
when subject to dephasing due to scattering with longi-
tudinal acoustical (LA) phonons. In particular, we have
accounted for the non-Markovian aspects of the interac-
tion with the phonon reservoir and performed extensive
investigations of how the photon indistinguishability de-
pends on the parameters of the system. The following is
a summary of the obtained results and conclusions.
In Section II we started by introducing the pertur-
bational second order theory (NM2PT) used for cal-
culating the two-time functions for observables belong-
ing to the cQED system. The derivation is based on
the timeconvolution-less formalism and thus the result-
ing equations do not contain explicit memory integrals,
but rather encode the non-Markovian evolution in time-
dependent scattering rates. In the framework of this
theory we defined the Markovian and non-Markovian
regimes in terms of the relevant timescales.
Then we presented the mathematical models describ-
ing the cQED system consisting of the QD and cav-
ity, namely the Jaynes-Cummings model, and the bulk
model representing the continuum of LA phonon modes,
coupled to the cQED system via the deformation poten-
tial interaction. Furthermore we introduced the effective
phonon density, governing the phonon modes available
for scattering with the QD, while taking into account
the effect of finite temperatures. This quantity plays
an extremely important role in interpreting the effect of
phonons on the degree of indistinguishability and is ex-
tensively employed in all parts of the paper.
In Section III we started out by considering the param-
eter regime of large cavity losses, typically where κ > g,
which is commonly encountered in experiments. To esti-
mate the accuracy of the NM2PT in this regime, we com-
pared to an exact diagonalization approach28,29 without
any uncontrolled approximations. We found that the per-
turbation theory breaks down for ~κ > 300 µeV, for typ-
ical experimentally relevant parameters. We also derived
a simple analytical expression for the indistinguishability
in the large κ limit. The break-down of the NM2PT is
speculated to arise from the absence of non-perturbative
effects of a large cavity loss in the phonon scattering
rates, which only include coherent properties of the sys-
tem, i.e. the Jaynes-Cummings system is assumed loss-
less. This is a consequence of the basic assumptions of the
theory, which become important whenever the loss rates
become larger than the coherent system parameters. An
ad hoc fix was investigated, involving manually includ-
ing loss in the scattering terms, however no systematic
improvements of the results was found.
A discussion of the two-time scattering rates arising
from the coupling to the non-Markovian reservoir was
presented, with the goal of establishing when the system-
reservoir interaction is of Markovian or non-Markovian
type. It was found that the importance of a full non-
Markovian treatment depends on whether one considers
light emitted from the cavity or from the QD. In the
regime of small QD-cavity coupling strength, the degree
of indistinguishability of light from the QD requires a
non-Markovian treatment, while this was not the case
for cavity light, which could be described in the Marko-
vian limit. In the regime of large QD-cavity coupling
strength, both QD and cavity required a non-Markovian
treatment. The reason for this behavior is the inability
of the QD-cavity coupling to mediate the fast phonon
dynamics, on the order of the reservoir correlation time
∼ 5 ps, from the QD to the cavity, unless the QD-cavity
coupling time (inverse rate) is comparable to the phonon
reservoir correlation time.
The dependence on temperature was also investigated
and it was found that increasing the temperature causes
a decrease in indistinguishability, for both QD and cav-
ity emission. This is due to the increased population of
thermally activated phonons, which enables both absorp-
tion and stimulated emission processes that increase the
scattering phase space and hence increase the rate of de-
coherence. Emission from the QD was found to be more
sensitive to temperature compared to the cavity, as the
QD typically samples a much larger part of the available
phonon modes than the cavity.
Models only including dephasing by phonon scatter-
ing predict a near-unity indistinguishability for the cav-
ity emission in the regime of small QD-cavity coupling
strengths. This is due to the absence of available phonon
modes for scattering near zero phonon frequency. How-
ever, if the temporal decay of phonons is taken into ac-
count, the uncertainty in lifetime translates into an un-
certainty in energy and a finite phonon density is sam-
pled at zero phonon energy. This was found to strongly
affect the indistinguishability for both QD and cavity in
the small g limit, which is very relevant for experiments,
and an optimum value of the QD-cavity coupling was
predicted.
We showed how a strong carrier confinement gave rise
to an, in general, smaller degree of indistinguishability,
whereas a weak carrier confinement increased the indis-
tinguishability. Again, the QD emission was found to be
more sensitive towards the degree of carrier confinement,
due to its more non-Markovian behavior. We also inves-
tigated the effect of varying the carrier confinement for
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excited and ground states independently, while keeping
the total volume fixed, which has been shown to induce
dips in the effective phonon density. While the cavity
emission was relatively insensitive towards this, the in-
distinguishability of QD emission was found to correlate
with the overall number of available phonon states and a
maximum degree of indistinguishability was predicted.
We investigated the dependence on the detuning and
found that for the cavity emission, the indistinguisha-
bility correlated with the effective phonon density, and
at elevated temperatures the effect of phonon absorption
was very clear. The degree of indistinguishability for QD
emission was much less sensitive to detuning, since for
large detuning the QD and cavity decouple and while
energy must be transferred from the QD to the cavity
for the cavity to emit light, the QD does not require the
cavity in order to emit light.
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Appendix A: Equation of motion for reduced
density matrix
In this appendix we present the full set of dynamical
equations used in the main text. The time-evolution op-
erator governing the interaction picture, Eq. (3), with
respect to the system Hamiltonian, Eq. (10), is explicitly
given by
US(t) = e
−iHSt/~
= e−
1
2 i∆t
cos(Ωt2 )−
i∆ sin( Ωt2 )
Ω −
2ig sin( Ωt2 )
Ω 0
− 2ig sin( Ωt2 )Ω cos(Ωt2 ) +
i∆ sin( Ωt2 )
Ω 0
0 0 1
 ,
(A1)
where Ω =
√
4g2 + ∆2.
The dynamical equations are derived from Eq. (7). In
the one-time case we take B = I and t = 0, for which the
general two-time equation reduces to the correct one-time
equation.
It is convenient to represent the one-time functions in
a vector form as
〈u(t)〉 =

〈σ11(t)〉
〈σ22(t)〉
〈σ12(t)〉
〈σ21(t)〉
 , (A2)
in which case the set of equations can be written as
∂t 〈u(t)〉 = M(t) 〈u(t)〉 , (A3)
where the time-dependent coupling matrix M(t) is given
by
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M1,1(t) = −Γ, (A4)
M1,2(t) = 0, (A5)
M1,3(t) = −ig, (A6)
M1,4(t) = ig, (A7)
M2,1(t) = 0, (A8)
M2,2(t) = −κ, (A9)
M2,3(t) = ig, (A10)
M2,4(t) = −ig, (A11)
M3,1(t) = −ig +H11,12(t, 0), (A12)
M3,2(t) = ig −H∗12,11(t, 0), (A13)
M3,3(t) = i(∆−∆pol)− 1
2
(Γ + κ+ 2γ) +
{
H12,12(t, 0)−H∗11,11(t, 0)
}
, (A14)
M3,4(t) = 0, (A15)
M4,1(t) = ig +H
∗
11,12(t, 0), (A16)
M4,2(t) = −ig −H12,11(t, 0), (A17)
M4,3(t) = 0, (A18)
M4,4(t) = −i(∆−∆pol)− 1
2
(Γ + κ+ 2γ) +
{
H∗12,12(t, 0)−H11,11(t, 0)
}
. (A19)
Here we have subtracted the phonon-induced en-
ergy shift ∆pol = −[H12,12(∞, 0) − H∗11,11(∞, 0)] =
~−2Im
[∫∞
0
dtD(t)
]
(often referred to as the polaron
shift) from the QD-cavity detuning. This is done in order
to ensure that zero detuning, ∆ = 0, corresponds to the
cavity and QD being resonant. We note that these equa-
tions are identical to those obtained in the conventional
TCL for the same Hamiltonian, see e.g. Ref. 31.
As for the one-time functions, we represent the two-
time correlation functions as a vector
〈v(t+ τ, τ)〉 =

〈σ23(t+ τ)σ32(t)〉
〈σ13(t+ τ)σ32(t)〉
〈σ13(t+ τ)σ31(t)〉
〈σ23(t+ τ)σ31(t)〉
 . (A20)
The EOMs can then be written as
∂τ 〈v(t+ τ, τ)〉 = M(t, τ) 〈v(t+ τ, τ)〉 (A21)
where the two-time dependent coupling matrix is given
by
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M1,1(t, τ) = −κ/2, (A22)
M1,2(t, τ) = ig, (A23)
M1,3(t, τ) = 0, (A24)
M1,4(t, τ) = 0, (A25)
M2,1(t, τ) = ig −
{
H∗12,11(τ, 0) +H
∗
12,11(t+ τ, τ)
}
, (A26)
M2,2(t, τ) = i(∆−∆pol)− 1
2
(Γ + 2γ)− {H∗11,11(τ, 0) +H∗11,11(t+ τ, τ)}+G12,12(t+ τ, τ), (A27)
M2,3(t, τ) = G11,12(t+ τ, τ), (A28)
M2,4(t, τ) = 0, (A29)
M3,1(t, τ) = 0, (A30)
M3,2(t, τ) = G12,11(t+ τ, τ), (A31)
M3,3(t, τ) = i(∆−∆pol)− 1
2
(Γ + 2γ)− {H∗11,11(τ, 0) +H∗11,11(t+ τ, τ)}+G11,11(t+ τ, τ), (A32)
M3,4(t, τ) = ig −
{
H∗12,11(τ, 0) +H
∗
12,11(t+ τ, τ)
}
, (A33)
M4,1(t, τ) = 0, (A34)
M4,2(t, τ) = 0, (A35)
M4,3(t, τ) = ig, (A36)
M4,4(t, τ) = −κ/2. (A37)
The phonon-induced scattering rates are defined as
Hkl,nm(t1, t2) = ~−2
∫ t1
t2
dt′Wkl,nm(t′)D(t′) (A38)
Gkl,nm(t1, t2) = ~−2
∫ t1
t2
dt′Wkl,nm(t′ − t2)D(t′) (A39)
Wnm,kl(t) = U
∗
nm(t)Ukl(t). (A40)
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